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It has been shown that a macroscopic system being in a high-temperature thermal coherent state
can be, in principle, driven into a non-classical state by coupling to a microscopic system. Therefore,
thermal coherent states do not truly represent the classical limit of quantum description. Here, we
study the classical limit of quantum state of a more relevant macroscopic system, namely the pointer
of a detector, after the phase-preserving linear amplification process. In particular, we examine to
what extent it is possible to find the corresponding amplified state in a superposition state, by
coupling the pointer to a qubit system. We demonstrate quantitatively that the amplification
process is able to produce the classical limit of quantum state of the pointer, offering a route for a
classical state in a sense of not to be projected into a quantum superposition state.
I. INTRODUCTION
Decoherence theory attempts to give an account of how
classical behavior emerges from the quantum description
by invoking the notion of environment [1–3]. However,
prior to that, the question is what is the classical limit
of quantum state of a macroscopic system1 in the first
place? As Bell said: “What exactly qualifies some phys-
ical systems to play the role of measurer?” [4]. More rel-
evant to the present work, we refine this question: what
exactly qualifies a quantum state to represent the phys-
ical state of an isolated classical object, e.g. a measure-
ment apparatus, or even a cat for that matter?
Since the advent of quantum mechanics, there have
been several proposals as to how the classical behavior
emerges from the underling quantum dynamics (for a re-
view see [5]). The first one, proposed by Bohr as a cor-
respondence principle, claimed that the classical behav-
ior emerges in the limit of large quantum numbers [6].
However, it turned out that this is not true in general.
As a counterexample, a microscopic oscillator in an en-
ergy state with a large quantum number doesn’t faith-
fully represent the classical behavior. This motivated
Schro¨dinger to propose an alternative quantum descrip-
tion of a “classical-like” state of the oscillator, the so-
called “coherent state”, whose dynamics closely resem-
bles that of the classical one [7].
Despite the promising classical features of coherent
states, because of the linearity of Schro¨dinger equation,
a system prepared in a coherent state can be driven into
a superposition state by coupling it to a microscopic sys-
tem [8–16]. In fact, the non-classical features of coherent
states are even recognized to be useful in quantum in-
formation science [17, 18]. The problem remains even if
we consider a more classical state; a high-temperature
thermal coherent state [19–23]. It has been also demon-
∗ Corresponding Author: farhadtqm@ipm.ir
1 Note that we distinguish between ‘macroscopic’ (‘microscopic’)
and ‘classical’ (‘quantum’). The former refers to the system un-
der study, the later to its description.
strated that such seemingly classical states violate the
Leggett-Garg inequality [24]. Therefore, it seems that
the thermalization process by itself is not sufficient to
classicalize a macroscopic system.
In the early 1980s, it was suggested that the ampli-
fication process in detectors might have a crucial role in
the quantum-to-classical transition [25–28]. The develop-
ment of MASERs as possible amplifiers triggered a flurry
of interest in the quantum description of amplification
process in 1960s [29–33], leading to the realization that a
linear amplifier unavoidably adds noise to the input sig-
nal. This fundamental limit is expressed formally as a
bound on the second moment of the added noise [34, 35].
In this context, quantum non-demolition measurements
are designed to circumvent the limitations imposed by
such limit as repeated measurements of quantum states
are performed [36–38]. The quantum limit on the en-
tire distribution of the added noise was provided just
recently [39]. Notably, a realistic amplifier transforms
the quantum state of detector into a form which is not
necessarily equivalent to the Gaussian distribution of the
thermal coherent state. The amplified state is supposed
to represent the pointer state from which the measure-
ment result is read out, and thus we expect to have a
definite value at the macroscopic scale. Therefore, we
believe that it is timely to revisit this problem in the
light of the recent advances in the amplifiers and see if
the quantum description of a realistic amplifier yields the
most “classical-like” quantum state.
In this work, we analyze the classicality of the pointer
state after the amplification process, by looking at the
possibility of projecting them into superposition states
(see FIG. 3). In particular, we focus on a mathematical
model put forward by Caves and co-workers to examine
phase-preserving linear amplifiers [39]. In essence, the
amplification of the input mode of pointer requires it to
be coupled to an external mode, called ancillary mode,
which adds noise to the output mode. The state of the
ancillary mode determines the effect of the added noise
on the input state. Our results show that a realistic i.e.
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2non-ideal amplifier is able to produce classical states.
II. CLASSICAL LIMIT OF QUANTUM STATE
What is exactly the classical limit of quantum state of
the pointer of a detector? Suppose that the pointer at
the microscopic scale is prepared in a superposition of
two energy states. According to the decoherence theory,
given an appropriate interaction between the microscopic
system and the surrounding environment, the pointer is
found in an incoherent mixture of coherent states, e.g.
1
2 |α〉〈α|+
1
2 |−α〉〈−α|, (1)
which is widely considered as a classical mixture of dis-
tinct states. From quantum-mechanical point of view,
however, it can be equally well represented by
1
2 |ψ
+〉〈ψ+|+ 12 |ψ
−〉〈ψ−|. (2)
where we defined |ψ±〉 = 1√2 (|α〉 ± eiϕ|−α〉). A prior-
ily quantum mechanics is unbiased toward any of these
two inequivalent representations; as there is no unique
ensemble decomposition of the mixed states. This so-
called basis ambiguity [2, 40] might look a mathematical
problem, but it has physical consequences. Obviously,
for 〈α| − α〉 ≈ 0, a measurement in basis {|ψ±〉} results
non-classical states2. However, the representation of the
pointer’s state in all bases should be equivalent, because
all dynamical operators of the pointer as a macroscopic
system commute with each other.
Form the above argument, we conclude that the clas-
sical state of the pointer is realized if two conditions are
fulfilled. First, if we expand the state in a given ba-
sis, there should be no interference between constitut-
ing states. This is a necessary but insufficient condition,
because constituting states in another basis might have
non-zero interference. This means that although there
is no interference between constituting states, each can
still be projected into a superposition state. Therefore,
we add a second condition, asserting that there should
be no interference for each constituting state too.
To fulfill the second condition, the state should contain
a sufficient amount of noise, hindering the generation of
entanglement with a genuine microscopic quantum state,
and yet maintaining a well-defined pointer position in
the coarse-grained macroscopic scale, as expected from a
macroscopic pointer. In fact, the classical state does not
reveal the detailed quantum state of the pointer. This
means that there might be many quantum states, in the
fine-grained scale, basically producing the same classical
state of the pointer. Therefore, the classical state of the
pointer is represented by a probabilistic mixture of all
these consistent quantum states. Here, since the classi-
cal state does not distinguish between the micro-states,
2 The same argument applies even to a thermal coherent state [20]
we assign equal probability to them. This produces a
top-flat probability distribution (see FIG. 1). We define
the corresponding classical state as
ρclas =
1
N
N∑
j=1
|αj〉〈αj |. (3)
In the appendix, we demonstrated how such a noisy,
top-flat distribution destroys the interference in all bases.
FIG. 1. The pointer’s state, denoted by ρclas, has a well-
defined position x¯ at the coarse-grained scale. However, a
sharp measurement resolves different microscopic states which
are consistent with the same pointer’s macroscopic state.
Such an ansatz has been justified in different contexts.
Kofler and Brukner suggested that “coarse-grained mea-
surements” give rise to classical behavior [41]. Also,
Zhuang and co-workers employ a similar notion, called
continuous variable “information scrambling” to charac-
terize macroscopic systems [42]. Scrambling refers to the
dynamical delocalization of quantum information over an
entire system’s degrees of freedom. More relevant to
our work, Rossi and co-workers demonstrated that the
classical limit of a macroscopic system is mathematically
well-defined, if the system exhibits some global symme-
try [43]. In the short-time regime, it is the symmetry un-
der the permutation of different modes, which is realized
as “narrow energy spectrum” condition. This condition
is reflected as a “top-flat” distribution in our work.
But how the classical state (3) is realized in the first
place? The recent advances on quantum description of
realistic amplifiers, motivated us to look at the classical-
ity of amplified states. Amplification process not only
amplifies the input state at a price of adding noise, pro-
ducing a macroscopic state which is noisy at the fine-
grained microscopic scale, and yet having well-defined
pointer position at the coarse-grained macroscopic scale.
It is worth mentioning that the resulting amplified state
is not equivalent to a thermal coherent state. Therefore,
it is intriguing to see if, unlike a thermal coherent state,
its probability of being found in a superposition state,
3vanishes. Before investigating this idea, let us briefly re-
view the amplification process.
III. AMPLIFICATION PROCESS
The setting for our analysis is a bosonic mode aˆ, called
primary mode, which is to undergo amplification pro-
cess. The type of amplification one typically thinks of
in physics is linear amplification, which means that the
output mode is linearly related to the input mode (here,
being multiplied by some fixed amplitude gain g). Here,
we shall deal with linear amplification, since it is straight-
forward to treat mathematically. Also we wish to amplify
both quadratures of the input mode with the same gain.
This type of amplification is often referred to as phase-
preserving amplification (FIG. 2).
FIG. 2. The initial coherent state undergoes linear phase-
preserving amplification, resulting the smearing of the prob-
ability distribution in phase space.
A perfect phase-preserving linear amplifier transforms the
input mode directly to the output one: aˆout = gaˆin.
However, this transformation violates unitarity. Physi-
cally, this means that amplification of the primary mode
requires it to be coupled to an external mode bˆ, called
ancillary mode, which adds noise to the output mode.
When referred to the input, the output noise is con-
strained as 〈|∆aout|2〉/g2 ≥ 〈|∆ain|2〉 + 1/2 [34]. The
minimum added noise, corresponding to the lower bound,
is the half-quantum of vacuum noise. The amplifier work-
ing with the minimum added noise is called an ideal am-
plifier. The simplest model of such an amplifier is pro-
vided by a parametric amplifier [44–46]. The ideal am-
plified state of the input state ρ is given by [39]
ε(ρ; g) = trb(Sˆρ⊗ σSˆ†), (4)
where Sˆ = er(aˆbˆ−aˆ†bˆ†) is the two-mode squeezing opera-
tor, with the amplitude gain being g = cosh r, and σ is
the positive density operator of the ancillary mode. The
density operator σ is diagonal in the number basis
σ =
∞∑
n=0
λn|n〉〈n|, (5)
where ‘λn’s are the corresponding eigenvalues. Note that
for an ideal amplifier, we have σ = |0〉〈0|.
The amplified state for the complete distribution of the
added noise is given by the amplifier map [39]
ε(ρ; g) = Bˆ
(
Aˆ(g)ρ
)
. (6)
The superoperator Aˆ amplifies the input state ρ with the
gain g. For a coherent input state, the output of Aˆ(g) is
just a displaced coherent state: Aˆ(g)|α〉〈α| = |gα〉〈gα|.
The superoperator Bˆ adds a noise to the output state by
smearing out a phase-space distribution into a broader
distribution as
Bˆ =
∫
d2β Π−1(β)Dˆ(aˆ, β) Dˆ†(aˆ, β), (7)
where  marks the slot where the input to the superop-
erator goes and Dˆ(aˆ, β) is the displacement operator for
the mode aˆ; Dˆ(aˆ, β) = eβaˆ†−β∗aˆ. The real-valued func-
tion Π−1(β) is called the smearing function. This func-
tion is independent of the input state, but it depends on
the gain g as
Π−1(α) = e
−|α|2/(g2−1)
pi(g2 − 1)
∞∑
n=0
λn|α|2n
n!(g2 − 1)n . (8)
Note that the smearing function of an ideal linear
amplifier is isomorphic to the Glauber-Sudarshan P
function of the thermal coherent state Pth(v, d) =
2
pi(v−1) exp[− 2|α−d|
2
v−1 ], where v is the variance and d is the
displacement in the phase-space. We safely assume that
before amplification due to the internal dynamics of the
macroscopic system, the system is evolved to the most
classical pure state, i.e. a coherent state ρα = |α〉〈α|.
Our analysis here is mathematically based on the op-
tical states. Nonetheless, the generalization of our ap-
proach to the corresponding mechanical states is straight-
forward. For example, a superconducting qubit can man-
ifest macroscopic distinguishable states by injecting cur-
rents of opposite verses. The corresponding wave func-
tions are effectively Gaussian states. They are isomorphic
to the coherent states in our analysis.
IV. A CASE STUDY: THE POINTER
INTERACTING WITH A TWO-LEVEL SYSTEM
Now we check whether an amplified state is classical
in the sense we defined in section II. The state of the
pointer after amplification is given by
ε(ρα; g) =
∫
d2β Π−1(β − gα)|β〉〈β|. (9)
4We consider ε(ρα; g) as the initial state of the pointer,
interacting with a qubit system, as illustrated in Fig. 3.
FIG. 3. Circuit for projecting the amplified state to a non-
classical state, by coupling it to a two-level system.
The qubit is prepared in state |+〉 = (| ↑〉+ | ↓〉)/√2,
where | ↑〉 and | ↓〉 are the spin-up and spin-down states
of the qubit in the z direction. Qubit being in |+〉 in-
teracts with the pointer prepared in the amplified coher-
ent state ε(ρα; g), with the interaction Hamiltonian be-
ing caˆ†aˆ| ↑〉〈↑ |, where c is the coupling strength. After
t = pi/c, the resulting state is given by
Upi
(
|+〉〈+| ⊗ ε(ρα; g)
)
U†pi (10)
= |+〉〈+| ⊗ E+ε(ρα; g)E†+ + |−〉〈−| ⊗ E−ε(ρα; g)E†−
+ |+〉〈−| ⊗ E+ε(ρα; g)E†− + |−〉〈+| ⊗ E−ε(ρα; g)E†+.
where E± = (1 ±Upi)/2 and Upi = exp(ipia†a). Upon the
qubit measurement on the basis |±〉, the detector’s state
is projected into a superposition state
εsup± (ρα; g) =
E±ε(ρα; g)E†±
p±
(11)
with
E±ε(ρα; g)E†± =
∫
d2β Π−1(β − gα){|β〉〈β|+ | − β〉〈−β| ± |β〉〈−β| ± | − β〉〈β|}, (12)
and
p± = Tr{E±ε(ρα; g)E†±} (13)
is the probability of finding the amplifier in the corre-
sponding superposition state, εsup± (ρα; g).
The probability distribution of diagonal and off-
diagonal elements of εsup(ρα; g) can be obtained as
Pr(x) = 〈x|εsup(ρα; g)|x〉 and Pr(p) = 〈p|εsup(ρα; g)|p〉,
respectively. The two peaks along x(≡ Reα) axis are
well-separated and represent the pointer positions, if the
measurement has been performed in {|↑〉, |↓〉} basis. In-
terference fringes along p(≡ Imα) axis are a typical sig-
nature of quantum superposition between macroscopi-
cally distinct states. It is worth mentioning that the in-
terference pattern indicates the generated quantum en-
tanglement between the qubit and the amplified mode
proceeding the projective measurement on the qubit.
Therefore, any amplified state truly representing the clas-
sical limit should suppress the generated entanglement
with the qubit. The entanglement being suppressed, the
pointer is now classically correlated to the system being
measured, i.e. the state of the total system in (10) re-
duces to its first two terms.
The amplitude and the pattern of peaks and interfer-
ence fringes depend on the choices of ancillary eigenvalues
λn. The only constraint imposed by quantum mechanics
is to guarantee that σ is a valid density operator, λns
should be non-negative3. It is not yet clear in detail how
λns are parameterized in actual “non-ideal” amplifiers.
Nonetheless, we found that the most appropriate choice
to ensure the emergence of classicality is 0 < λn < λn+1
(see Fig. 4). Note that the visibility can be always unity.
FIG. 4. The probability of x (left) and probability of p (right)
for an amplified coherent state with g = α = 10 for the first
three terms with λ1 = 0.5 , λ2 = 0.3 and λ3 = 0.2 (a,b),
λ1 = 0.33 , λ2 = 0.33 and λ3 = 0.33 (c,d), and λ1 = 0.2 ,
λ2 = 0.3 and λ3 = 0.5 (e,f). The noisy, top-flat distribution
with the minimum of interference is obtained by an increasing
order of eigenvalues λn.
The peaks and interference fringes for a high-
temperature thermal coherent state and the correspond-
ing amplified coherent states for ancillary mode with one,
two and three available states are plotted in FIG. 5, for
an optimized choice of λns. Notably, the non-ideal am-
plification process for certain range of parameters pro-
duces a probability distribution (see FIG. 5(e,g)) which
has similar top-flat shape with that of our heuristic model
illustrated in FIG. 1.
According to FIG. 5, as we include the non-ideal terms
in the ideal phase-preserving linear amplifier, the inter-
ference effects vanish gradually. This also can be veri-
fied, using a quantitative measure of macroscopicity. Lee
3 Carlton M. Caves, Private Communication.
5FIG. 5. The probability of x (left) and probability of p (right)
for a high-temperature thermal coherent state with d = v =
100 (a,b), an amplified coherent state with g = α = 10 for
the first term (c,d), for the first two terms with λ1 = 0.3,
λ2 = 0.7 (e,f), and for the first three terms with λ1 = 0.2,
λ2 = 0.3 and λ3 = 0.5 (g,h). It is obvious that as we add the
non-ideal effects to the ideal linear amplifier, the interference
fringes are weakened gradually.
and Jeong introduced a general and inclusive measure of
macroscopicity in the phase space as [47]
S(ρ)= pi
M
2
∫
d2αW (α)
M∑
m=1
[− ∂2
∂αm∂α∗m
−1]W (α), (14)
where W (α) is the Wigner function of the state and M is
the number of modes. The measure S(ρ) was plotted for
amplified coherent states with the first term, with first
two terms and with first three terms in FIG. 6. As we ex-
pected, this shows that with a large gain g, as we include
the non-ideal terms in the ideal amplifier, the probability
of macroscopic quantum superpositions decreases.
To ensure that the non-ideal linear amplifier has a non-
thermal effect, we compare the interference fringes ap-
peared in the high-temperature thermal coherent state
with those of a non-ideal amplified coherent state with
equal purity, Tr(ρ2th) = Tr({ε(ρα; g)}2). For a thermal
coherent state with v = d = 100, the amplifier gain g
of the corresponding amplified coherent state with the
first term, the first two terms and the first three terms
are 7.10, 5.28 and 4.56, respectively. For a fixed purity,
the interference fringes for an amplifier with the corre-
sponding terms were plotted in FIG. 7. The suppression
of interference shows that including non-ideal terms has
a non-thermal effect. The inclusion of many of terms in
1st
1st+2nd
1st+2nd+3rd
0 100 200 300 400
0.005
0.010
0.015
g2
S(
)
FIG. 6. Interference-base measure S(ρ) for a linear amplifier
with α = 10 for the first term (blue), for two first terms
with λ1 = 0.3, λ2 = 0.7 (orange), for three first terms with
λ1 = 0.2, λ2 = 0.3, λ3 = 0.5 (green). This shows that the
non-ideal linear amplifier with large gain g is able to produce
a classical state.
the actual detector can vanish the interference.
FIG. 7. The probability of p for an amplified coherent state
including the first term with g = 7.10 (left), the first two
terms with λ1 = 0.3, λ2 = 0.7 and g = 5.28 (middle) and
the first three terms with λ1 = 0.2, λ2 = 0.3, λ3 = 0.5 and
g = 4.56 (right). The purity of these amplified states is equal
to the purity of a thermal coherent state, with v = d = 100,
which is 0.01.
V. DISCUSSION & CONCLUDING REMARKS
It is of significance to come up with a form of quantum
state representing the state of a macroscopic system, and
resolving the problem of basis ambiguity, without neces-
sarily invoking the entanglement with an environment or
modifying the laws of quantum mechanics. That is why,
we look at the amplifier, as it is supposed to describe
the pointer’s state, and examine the basis ambiguity of
the amplified state via a non-classical evolution sketched
in FIG. 3. Our results show that an amplifier state can
demonstrate a behavior which is not similar to that of
a thermal coherent state when it is coupled to a micro-
scopic state, yet having well-defined pointer position at
the coarse-grained macroscopic scale. Nonetheless, we
stress that to achieve a more conclusive result we need
to examine a non-ideal amplifier state with realistic pa-
rameters. To our best knowledge, this is yet to be fully
identified, and then this issue requires further research.
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Appendix: Resolution of Basis Ambiguity for
Classical State
Here we prove that the classical state (3) is the same
in all bases. In order to make more connection to the
classical phase space description, we shift to the Wigner
representation
W (α) = 1
pi2N
∑
j
∫
d2β〈αj |D(β)|αj〉e−(βα∗−β∗α)
= 2
piN
∑
j
e−2|α−αj |
2
, (A.1)
where D(β) is the displacement operator. As the sum-
mation is over all coherent states which lies in a single
slot α¯ in the coarse-grained scale, we have
W (α) = δ(α− α¯), (A.2)
where α¯ is a coarse-grained phase amplitude which has
classical dynamics. The mixed state corresponding to (1)
would then be
1
2δ(α− α¯) +
1
2δ(α+ α¯). (A.3)
We may construct a new basis in terms of the old one as
ρ± = 4
N
N∑
j
(
|αj〉〈αj |+ | − αj〉〈−αj |
± | − αj〉〈αj | ± |αj〉〈−αj |
)
. (A.4)
The mixed state (A.3) can be equivalently decomposed
in the new basis as
1
2ρ
+ + 12ρ
−, (A.5)
where the corresponding Wigner representation is
1
2δ(α− α¯) +
1
2δ(α+ α¯)
± 2
−2|α|2
pi2N
∑
i
cos(4Im(α∗iα)). (A.6)
The interference term is negligible, thus the decom-
position in the new basis (A.6) is approximately the
decomposition in the old basis (A.3). This means
that the classicalized state of the pointer leads to a
unique ensemble decomposition at coarse-grained scale.
Therefore, δ(α− α¯) and δ(α+ α¯) emerge dynamically as
the unique coarse-grained or classical preferred basis.
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